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~ t ~ o - a t o m  scattering in a quantized radiation field 
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For the scattering of a pair of model atoms in the presence of a quantized 
radiation field, consisting of a finite number of field modes, the existence of the wave 
operators Cl, is proven. This supplements our earlier results where an external classical 
radiation field was considered. 

t mdoction 

bmo recent papers (PrugoveEki and Tip 1974a, b, to be referred to as I and I1 
rcspedively), we considered the scattering of two atoms (strictly, two neutral particles 
rithmkmal structure) in the presence of an external classical radiation field. Under 
Bwsedrcumstances, the Hamiltonian of the system is time-dependent and this fact 
gks rise to various complications as compared to the time-independent case. 

Nevertheless, we were able to demonstrate in I and I1 that Moller wave operators 
I exht under reasonable conditions on the interaction potential and the field 
mafrgnration. On the other hand, it turns out that this approach leads to a number of 
"plications if one wants to set up a perturbation scheme. This is due to the 
&dependence of the Hamiltonian which gives rise to secular behaviour. Specific 
Pahrrbation techniques such as the multiple-time-scale method or the Magnus expan- 

tben become necessary. 
Anatomic system coupled to a quantized radiation field, however, can be described 

bgmeanS of a time-independent Hamiltonian and consequently perturbation techni- 
WfOmlated within the framework of the stationary method now become available. 
we therefore investigated whether the results on the existence of wave operators, 
h e d i n  I and 11, carry over to this situation. As shown in the remainder of this 

this indeed turns out to be the case under the conditions on the interaction 
adopted in I and 11, provided the atoms are coupled to a finite number of 

*Mized field modes. In § 2 we give a precise description of the proposed 
Pudelwhereas the actual existence proof for the wave operators can be found in § 3. 

of the model 
W 

e @ ~ d e r  two particles with a finite or countably infinite number of internal states 
fiat they collide in the presence of a radiation field with a finite number Nof 

Let4 denote the free Hamiltonian of-the jth particle, j = 1,2. It consists of a 
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translational part e = pf/2mj and an internal part Hy': 

Here pi is the momentum operator for particle j and m is its mass. Hy h a  a fmitea 
mutably infinite discrete spectrum, for details see 1-0 1 and 11-8 3. As before, 
represent Hj"' as diagonal operator (H,'"'),@ = U,( j)8aB on a suitable Z2-space. 

Tw0-a" scamring in a quantized radiation FeZd 

6. = K+Hy. (2.11 

The free radiation Hamiltonian reads (in units with h = c = 1): 
N 

Hd= 1 k $ h  ( 2 4  
, = I  

where bz and 6, are the creation and annihilation operators for the vthradiation mode, 
Since we use a point-particle model for the colliding atoms, it is consistent touseaa 

interaction Hamiltonian of particle j with the field of the form (Stenholm 1973) 
N vvd = ( 2 4 - ' " ~ ~ .  U =  1 1 k:" U:(xj)(b, + b:). (2.3 

Here pj is the dipole-moment operator of particle j ,  which acts in the internal stale 
space of this particle, whereas eo is the dielectric constant. Thus we can characterize4 
by means of the matrix pj.ap As in I and 11, we assume p j  to be bounded. The fundm 
c(xj), where xj is the position operator of particle j ,  are those discussed by Stenh& 
(Stenholm 1973). Thus they are square integrable functions with the orthogondq 
property 

J dx U,(x) . U,.(x) = aw,. (2.4) 
The interaction-free Hamiltonian is now given by 

Ho = E l 1  +H, +H,a (2.51 

which acts in the Hilbert space X = XI 0 X20 9 where Xj is the Hilbert space for 
particle j and 9 the Fock space for the considered modes of radiation. The full 
Hamiltonian now reads 

(2.6) 

where VIZ = Vlz(x, -x2) represents the interaction between the two particles. Under 
the conditions imposed upon Vl, in I1 and with the present form of yd, 
self-adjoint on 2. 

H=HO+ VIZ+ Vl.mdf V* ,ad=f fO+ v 

3. The existence of wave operators 

We show now that the wave operators 

I(t, = s - lim exp(iHt) exp(-iHot) (3.11 
r-tm 

exist under the conditions on the interaction terms discussed in $2. This is acbievf 
establishing the existence of a set 9, dense in X, consisting of state vectors WorwbJch 
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element of $3 is taken to be a finite linear combination of states of the form 
PCe 

q=+(xl ,  x2) 8 I4 8 ( 0 ~ 2 )  8 In) (3.3) 

*lai) is an eigenstate of Hj"' at the energy oai, while In) = Inl) . . . IraN) is the 
of the field Hamiltonian with exactly n, photons in the mode v. We note 

~ ~ . k = E r = 1  n,k,) that 

(Id-Har)q=exp[-i(w,,+wpz fn. k)tl'Wi,xz, t ) O I ~ i ) @ I 4 @ l n )  (3.4) 

the time-evolution of the translational part Wx1, x,, t )  of the wavefunction 

(3.5) 
that of its Fourier transform pt): 

@(pi, p2, t) = e x ~ [ : - i @ p : / 2 m ~ + p Z / 2 m ~ ) r l ~ ( ~ ~ ,  p, ) .  

border to proceed, we restrict the class of functions "(xi, x2) to those contained in 
$@$,Si being defined in 11-lemma 3.1 (with k replaced byp). We observe that this 
mktionstill guarantees that 9 is dense in X Under the conditions imposed on VIZ, it 
fdm, by using the method outlined in 11-§ 3, (with G and E being positive constants) 

11 v,, exp( - iHot)*ll 4 G( 1 + 4rz)+3 

&the presence of the quantized radiation field does not alter the estimates for this 
m 

For the other terms in equations (3.2) we have 

(3.6) 
rbae the colon indicates a double contraction over tensorial indices (pi and U: are 
-1. Since U:(x) is square integrable, it follows that equation (3.6) decreases faster 

I-* for large r and consequently the finiteness of the remaining terms in equation 
02) is proven. 

' h s  the wave operators 0, exist for the case at hand. The assumption that the 
*of field modes is finite is essential, since infrared and ultraviolet divergencies 
flmake their appearance otherwise. This means that the present results correspond 
'Ohcase of multiperiodic fields in the semi-classical case. In order to deal with fields 

continuous frequency spectrum over a limited frequency range, equation (2.3) 
Bwkl be replaced by a particle-field interaction term containing a cut-off function for 

large photon energies. 
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